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Received May 13, 1773,

XXXVI. Properties of the Conic Seétions 3
deduced by a compendious Method,  Being
a Work of the late William Jones, Efg;
F. R. 8. wbhich he formerly communicated
to0 Mr. John Robertfon, Litr. R. S.
who now addreffes it to the Reverend Nevil
Maikelyne, F. R.S. Aftronomer Royal.

§ IR,

Read June 24, OU well know that the curves

1773 formed by the fe&ions of a cone,
and therefore called Conic SecTioNns, have, from
the earlieft ages of geometry, engaged the attention
of mathematicians, on account of their extenfive uti=
lity in the folution of many problems, which were
incapable of being conftruéted by any pofiible com-
bination of right lines and circles, the magnitudes
ufed in plane geometry. The properties of thefe
curves are become far more interefting within the
two laft centuries, fince they have been found to be
fimilar to thofe which are defcribed by the motions
of the ceeleftial bodies in the Solar fyftem,
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Two different methods have been taken by the
writers who have treated of their properties; the
one, and the more antient, is to deduce them from
the properties of the cone itfelf; the other is to con-
fider the curves, as generated by the conftant motion
of two or more ftrait lines moving in a given plane,
by certain laws,

There are various methods of generating thefe
curve lines 7z plano; one method will give fome
properties very eafily; but others, with much trouble:
while, by another mode of defcription, fome pro-
perties may be readily derived, which, by the for-
mer, were not fo eafily come at: fo that it appears
there may be a manner of defcribing the curves fimi-
lar to the Conic Setions, by the motion of lines on
a plane, which, in general, (hall produce the moft
effential properties, with the greateft facility.

That excellent mathematician, the late William
Jones, Efg; F.R.S. had drawn up fome papers on
the defcription of thefe curves, or lines of the fecond
kind, very different from what he gave in his Synop/is
Palmariorum Matheféos, publithed in the year 1706;
or from that of any other writer on this fubje@®. A
copy of thele papers he was pleafed to let me take
about the year 1740. He had not finifhed them as
he intended ; but, in their prefent ftate, they appear
of too much confequence to be loft; as, it is much
to be feared, his own ccpy, together with many
other valuable papers, are; and therefore, T am
defirous of preferving them in the Philofophical

Yy2 Tranf-
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Tranfaftions, in the manner I at firft tranfcribed
them ; although, I am aware, they might have been
put into a form more pleafing to the generality of
readers: I have indeed annexed larger diagrams
than what accompanied the author’s copy, in order
to render the lines more diftin@, as all the relations

are to be reprefented in a fingle figure, of each
kind.

Mr. Jones, having laid down a very fimple method
of defcribing thefe curves, feems to have been de-
firous of arriving at their properties in as expeditious
a way as he could contrive; and therefore he has
ufed the algebraic ‘method, in general, of reducing
his equations ; and, on {fome occafions, has ufed the
method of fluxions, to deduce fome properties chiefly
relating to the tangents; and, by a judicious ufe of
thefe, he has very much abridged the fteps which
otherwife he muft have taken, to have deduced the
very great variety of relations he has obtained : thele
he intended to have arranged in tables, from whence
an equation exprefling the relation between any three
or more lines of the Conic Seétions, might be taken
out as readily as a logarithm out of their tables; this
he has only partly executed ; but it may eafily be
continued by thofe who are-defirous to- have it done,
and are {ufficiently acquaintéd with what follows.

From the Houfe of the Royal Society,
April 29, 1773.

THE
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THE DESCRIPTION OrF LINES OF THE SECOND
KIND,

LE T the right lines AD, AQ., be druwnh on & planc, at any
inclination the one with the other, See PraTe x1v. Fig, 1,
2 3

In Ap, AQ, take Aa, aM, of any given magnitude, and
draw MmN parallel to Ap,

On the points A, a, let two rulers ap, ap, revolve, and cut
MY, AQ, inN and Q_, fo that aq be every-where equal to
M N,

Then fhall the interfe®ion » of the rulers defcribe lines of
the fecond kind, or curves of the firft kind.

Where the right-line Aq, is the frft, or tranfverfe diame
ter.

The point ¢, bife&ting the diameter Aa, is the center:

The right-line pp, drawn parallel to Aq, is the ordinate
to the diameter Aa.

The part ap, or cb, of the diameter, is the abfcifs, when
reckoned to begin from A to ¢, or from C to A,

The right line 85 drawn from the center ¢ parallel to the
ordinate Pp, and terminated in the curve, is called the fecond,
or conjugate diameter. -

Thofe diameters to which the ordinates are perpendicular, are
called the axes.

And AMm is the parameter to the diameter A4,

THE
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THE PROPERTIES OF LINES OF THE SECOND KIND.

1. Put Ag=d=2ac=2¢; BS==3=2BC=2¢; AMZ=2p; PD=y; CD==¥; AD=W
—

Then pp =2 x Apa,
)
Or W= Xux d:;u:zpuq:{;-uu: "1- Xk i FEars= ipt:.’.‘. xte

AQX D —_
For pp=AMXAD _2QX D4 (by fim. as). Thi P =2 % Ana,
MX Aa A

2. Confequently —;— Yy = cettmxx=dupuu =t }dd= xx.
3. Hence L yjmgws =tFu xi=uxs,
4. And pt=cc, or 2pd=39; for when y=c=1¥, thenm ¥=o,

5+ Therefore i:A:l:.’i’:Qf:ffﬁ.ﬁ:ﬁ:ffi

apg hitFax ¢ d dd n dd o e

6. The curve line whofe property is yy+—€-uu—-2pu:o,

(where the abfciffa begins at the curve),
Or yy+i;-xxf-—:c=o, (where it begins at the center),

is called an Ellipfis. This curve returns into itfelf. For when x=o, then y=¢;
and when y=o0, then x=¢. Which can bappen but two ways. ?

4. The curve line whofe property is yy—-’-—uu—zpu’:o,
#
Or yy-—-_:;xx—l—cc:o, is called an Hyperbola. This curve fpreads out infinitely.
For y increafes as x increafes ; and has four legs tending contrary ways: for s, or
39> may be produced as well from —vx, or —y; as from 4-x, or +-y.

8. If the point a, is fuppofed to be at an infinite diftance from a, fo that a ruler
4P moves in a parallel pofition to AD ; then 1s yy=2pu, or yy— 2p2=0, the property
of the curve defcribed, and is called a Parabola, This curve fpreads out infinitely ;
for y increafes as # increafes. ’

g Let
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9. Let Aa, Pp, be any two firlt diameters; B3, Q, their fecond diameters,
PraTe x1v. Fig. 4.
Draw the ordinates Pp, Q®, to the diameter A4, and the ordinate pd, to the dia-
meter's b,
Let p1 be a tangent, and Py be perpendicular, to the curve, in »; PT cutting Aa,
Bb, produced, in T, t; and PM™, in M, m.
Put the fubtangent pT =75, dt = v,
LetaAr=7r, PM =7, CE=w, CT = g=xckgom pday,
Put s, s', =fine and cofine of the angle mpPD, or angle pms,
R = tabular radius.

Then cn’r:x::t:ux:ziyyzi_:yyz T tFxx=uRdFu=ADAN

e np F o gy — _’_ o w— . i—-.ﬂ_-—ﬂ'—-.{ .
For uxt...u._(p 79 =) «yy. Therefore (j' —t¥u~) =3 (by fim. as)
And cdt:yv:{#xx: g x.

xx==cc=yy =8db, For (:':- =) :—’: ~

—2
10. Hence AC =ttt =¥ xXxs=aXttr=xg=nDpcT,

11. And 3¢" =¢cc=yxX yto=yxct=dct

[ o
12, Confequently = =__** __ _ #f _AC

3
B8db  tccFyy e pet

——1 —2 QE? — -
13. Alfo c&" =ww=(0T"x2E = b7 XxA2% =) 3= — syt sy = ADg=CDT,
P D‘ ADa X cc

—2
14. Therefore AEa:(-—- X Apa=1Exsx=) sx=cp .

ce?
T 35

2
2 PD . ¢ P
158, And QE =\ — X AEa=) —av=Lz»
3 < AD& )ft P

In
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In the general fchemes. PraTE xv. and Fig. . PLATE x1v.

16. Let aa, 85, be the longeft and fhorteft axes.
Draw c¢ perpendicular to the tangent pT, cutting it in ¢,
Put cp=T: cq=c; cg=q.

Then ce¢ == (ctxczziz: x ty__y te__acXco

c gy ec ‘¢ ca
Hence the parallelogram, under the two axes, is equal to the parallelogram under any
two diameters,

17. Draw the tapgents Aw, an, to any vertices Ay 4, meeting any diameters »p,
Q¢» produced in v, v, and v, %, and the tangent PT in N, n

Then av :(2%(;%:) %-f. And av= (CA;”:)%

18. Alfo cu = (“’xcm‘: € And cv= (Sfi(—c-fz £’
EQ 7 cD x

¢ t f -§
19. Hence pv=(ev mcr=) rx22%,  And pv=1xt%,
x X

Alfo Qu= (cvweq =) cx‘-}',’—"-. And q-u:cxt.."'_’.
J

20. When Aa and 85 are the longeft and fhorteft axes; and when y =3,
Then =t -= yy will become # == pt =t = ¢c, which call ff,

And cp =, will become cF=cf=£
The points F, f; are called the Focil..

21. Hence AF=af=d=mf; Af=ar=t+f.

22. Alfo C¥ =Cf =ff=ttmoa= 2t ph
And in the ellipfis, ac = (sc"+cr =) BF .
in the hyperbola, ¢¥" = (ac” +3¢” =) 3a"
Hence,  circle defcribed from B, with the diftance Ac in the ellipfis, or from ¢,

with the diftance AB in the hyperbola, will cut the axis A in the focii ¥, £
23, Draw
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23. Draw rp, fr, from the focii r, £, to any point P of the curves and draw
the conjugate diameters Pp, Q¢.

Put PF=2z; Pf=v; PC=T; QC=cC; _tf.‘zq); L:y. Then
¢ .
y":vv:yy+xx+2xf+ﬁ:'tt+2fx+£xx=’r'r+ff+zfx;
PF :zz_..yy+xx—-2xf+ff—tt-2fx+ xx—-'rr+ff—-2fx.

For = o ®it mxx:)——?-‘—f.{ Xtt N XX.
t¢ e

24, Pf=ov= (\/tt+zfx+£zxx=_) t+£x—~t+.¢x—ﬁ_f.'f.
rr._z_..(\/m-zfx-}-ffxx-)t—— =t- ¢x..” =f*,
25. PFXPf=zxtv=ot=aAa,
26. sz+};z =vv + 2% = 2y + axx - 2ff = ott + 200xx = 2TT 4 2 ff,
29. ;-f'-;?:w-—zz:4fx=v+zxv-—-z:zvtx'u‘;.‘z.
28. FPf=2v =zX2F 2 =2z FRI = U mwxx‘=tt=nxxx:—:~xx
=l gy =ty Loow = G5 IQ
=cen po yy_“yy-l-“xx CE 4+ EQ

—
=cQ = CC=TXP,

29, Let m=t—2=v~ :.}:’i: =xivxix
=L .’.‘_Vtt...cc_Jtt...zo
cet+ff ¢
=WNit = cc =N ff 4 cc—zv,
go. Hence 2 = —a =¢i = ——-éx = -'f—":—‘-y.
Andm...-—z..?x-—-f-x :—-—ﬁ—:;vy.

Vo, LXIIL Zz 3L Ae
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31 ac=r=feko=t=N i =L
A/cccnyj
=SW5x :‘\/xx:cm:"‘-y"" Praps J"+\/J 5+ x>
J 2p 2
Py SO 107 7 =xttxl :ﬁ =
32. ¢cb =pd _x:o-[” —y F ?yy Xec Fyy
:zf%"_.xu.,.yy:tt_t.—.yy —

44 ff
j-;ffmm__ffxtt“z‘v_ﬁxa_,.cc_q

114
= xzv ”ﬁ‘? v pn ¥

ff
tt SRTES N 2
S Xv—i] = =tFalt =Nttt iss—1s)
5 S
) ' # s
= dd Xit $—-mr-—; X ———rm.
S cc ¢

. By tyy 1% __tv
.Andx:-—.—-_.—-—..__-—-,.—.__—-_.._
3 px - cx 1 FoF

P o m— e

- - m.._ —SX ==X =t xx = iccx-xx

34. PD = cd myy= T = F "
*pt xx_—-;—ax_.;uu*.._.ﬁl’z. 1 F XX

e st s

cc {3 cc
_—-—XZU—--—-JN":—- XCC——A¥ == — X ZU—CC
e 174 tr 1t

Jr
24 . —
nn_—nn‘ utting #2n = Y —¢c
ff 77 (putting )
b mw — 4 e 88 _qs‘s‘"
— f:/‘ - — o - RR -——'R 3

. And § = — 2%% =___ttx‘.72‘ xR __x3
35 7 1y ity fy Iy

36. Alfo %yy:z'a c'-*ffxtt-.-xx"ff.,. ffxx

=nan=ffFmm=ccece,

37. 26"
3



[ 349 ]

37 Fo ""r'r'—xx+yy—x~:!:c:q:-—-xx'-u-—f:f+ .x.v...cc+¢<bn

=cetttwmzv=cctmme=cct+itwrrcc
=ip+PPrazacct ffvrv = 2pi+ ff vz,

38.And 1 =08¥% . __oox¥ :(ﬂ’_x RTIY/:VI /i 1)
T ‘p+¢¢xx 2% IIT CCT

39 Alfo E?Q:_2+Ez:(cc+tt:) CB +CA
40. cT=¢g=X -—(ttx "')ft St =
X

m 10z Aoz
ct==S = s

J = _szv—cc.
1o And j=— 1% = 00F _90F g5 _ = ¢x).
4 1 x it cex pix (for .= gx)
42, AT.._("'CT..-CA—)"'“-Q-t:'—x:':t;x:i::f_.t_-_,—_tzi..-.’z..;;,
¥ x ” Lt
trxa=Lt
T= (cT4+ca=) —ft=—x ==
aT= (cT+caxz)’ + 7 XiHraso b=t
. -+
43 FT= (ic'r:r.crzi-f-'-.,.f— f"“f”‘ =% _JfE %
m Ttwz " &

fr= (cr- {-Cf"'f’ +f= f’+f’” )f"” —Sv_tv

vt m %
On Aa defcribe a circle, draw the tangent T#', and draw cp'.
Continue pp to P, and at right angles to T2, draw R,

rr z &
Then Fr' = (—-——xcr‘:——‘i XtX—=)z=Fp,
cT & 113

fn— (LT — ey —
fr._(crxcr..thx"._)v_.f?,

Zz 2 440 DT
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4o DT =L I U Tt
px cex % Jm
dt—a""Pxx cexx rc?y)':tmm'
iy 1ty ¥ Jn

45, AN = (——-—XAT"") -—x't——x._—xj——m.

an= (——-— xaT=)Z xt+a
cT nx

6 v = (TIXCE_r=x T Loy L2 fo-"-m
4 T X nx

= VA X f— it —zv
«/zw—-tc)(‘\/tt——z«v

UNZ=C? :-—E-.
J

[ 4 gy ——
47 ADZ (X ACF DT HtF =) =X fxm
aD:(Ac+cD:t+1%:)~}xf-fim.

48. Produce pF, pf, fo meet the curve in II, #;
Draw 114 perpendicular to Ag.

Put rO =2 fo =v, FAZ 4,

Now, Fp= (ZCFFCD=) £ fra==x fx

FTF
- t_n_z__t'v--ct
r Amw= (cAmmcp=)’" — f— e 2 iz
hen FA=x'= (cA—cCF )_. (/,xt w—f=) 7
fA._f+__._.’-"i-,"-;'—-‘i.

49. From
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49. From ¥, f, draw FR, fr, perpendicular to the tangent pT, aud cutting
R,

FTXC cz I3
[R—A—-—-—-g__.—__ foned % = ..z..
cT ‘\/z-v N2tz —zz v
__A/t—-gox »\/ Ptz __%e
t+(p.a. %t —x ¢
c
fr—h—-fo e cv - . ::c\/ﬁ
cT «/zrﬂ v
t+¢x \/ ptv
t—px 20—
. tez = . VE—cr2T 200
Az . Fora=C2% Th, aah= (‘ =) 2%
vy 2V v v
50 R_(ATXRF _tnx _\ tinx ttn,\/
) mc— fex
aTXxr tny [
'rr:-——-[- —
an m &

s1. Draw pm perpendicular to the tangent P‘T, meeting the axes Az, Eb, in M, .-
DM = ("’x“ C“m— ENft £ zv= =x -P

TR S
8 ? u‘\/ tt
m—r=pxFLuyu="Ntt 5 —7w
R P t t£ c

trn__tt )y 1t £
rnxyd_) —-Jz-v--cc:«;c—yz-—-y.»
¢

dm = ( e >
ce tt = cc S _F
=X FE —X= _.—-—x:—-—-x =i
52. cM= (CD T DM=4# F —* ) — -
f‘\/tt = U= f e —f \/tt .__mr

- . _tl+cc _i'_i_im
cm= (dm = cd= cy+y”)Ty~c:J_‘c"—r BVt

53 FM= (crwcm-—fm —)f t—-m—f = fF ___x

fu= (fc+cu:f+_;.;:) -f;:xt+m=-f-"3’-:f4:_;_x

e

Boe Em
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54 Fmo=fm = ( 7 dem' =) ff+£{—?=£{-?’:-§ xcce.
55 AM= (ACwxCM = )tmf" "mf"'__tm{—{x.

aM= (ac+4cm =) t+-’-:1”:‘—’-'-t—f:':t+%x.

cc

™= (TF+pm—fz+fz )fzov z: X
fz'v zfu (_:E

tm= (ct+cm :_f_‘-f-[i'»_)
n ¢ cn }
FRXTM—) k3 [—__C_pc_ ; ./—‘_“m?zx:

. PM =7 =
57. PM =% o -
:‘*_——‘
==\t xt—pr=xLt —‘_ =
‘\/ +ox Px "x’x_“ ceFyy

:-‘—‘\rt‘——ffxx:ixlu-{--y'yyy:-:—vt*-l-ff]]

’J_——_‘ e
=—-Vatz zz_‘\/n)z x —zz.

PMXPa'_) _sz_!_c_
P

56.

-’:Vtt PPy x

PM=T = (
-_-—‘\/t+¢x X t—qw:—;\/t" o ffxx :-"-A/u+-yny
21t t
—_— T —X %,
4 4

t '

=Nt ffyy=—Natz F z2z=

8. mm= (pmx em="c £ Lc=) BE L =L Wz
€ ¢ ct &t

= ;):f-.-‘\/tt wnPPxx,
ct

w:) 2e=VEY = Cgu=tc,
tt—zw Sx

59. PT:T:( o

LU= CCXZV
.

:chtl\/tt PAPPxx=
X cx tF =
)— _\/" xvz-'-f c

pr=7 = (r'r Xepd__
KY==(C

=%%c _.;;'Ju — 0Pxx

6o. T8



60. TN = (.P_T.Z(-I: =_’I_Sx_’_x mmxf_.-— .f;. —_—
DT f inn )mn X fon=—xtns
prXTa nc - V4 fc
Tn= =—% - mxRe—= ) = = —
( — mx xf+ ; )n”xf-l—m X tgx
ADXPT nc_ fm _\ ¢ —— e —
61. PN.._( xfmuxmx ;-;’-;-—) anu;m._- ’—y-xth
abXP'r t — nC fm
— e MR = K - ) ___..
P2 ..( o SR M X ) X FFm= o XiFx
PTXFM 7% _\/z z L =
= [\ == = XRV=—c =Ty XY D
62. PR = — < > o pos
= —/fyx ’—¢”=f-xay
¢ t+ox <€
PT XfMa nv o __f t4ox
pr —( "'—‘n'\/""""""\/ xz‘v-“"‘*-':x yVa=eIx®Vi—
PTXTC ntt rt zw—ce__ fytr__ yt?
63. Tg-—( —— v__._—-—__.i_-— —
mc b — vz mcc  xec
6 — _ __nft__nc x” — - _—l
4. Pe= (T ¢ F TP= — F — ) cc =— X <

v

P'rXct nc tf c
65' T ( L f.z)ff -‘ff.\/tt—-zw)( RU=——CC
==ty L
o=t 7,

x

66, wn = (Plé-t‘-z==) 2l 2= ‘ﬁ/zw:-‘zf\/ zw
D

cn J BU——¢CC

From c and F, draw cy and Fs, perpendlcular to Pf
Putpe = b3 £ = co-fine of the £ A fP; R = tabular radius..

c be tw—cc __\lv—cc v
Thenfy...( fPf 7 =) oy ( xcf)
And pf=v= t; =”—“£f"

l--';f I-—;—

P
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pe = b= :t:zz+w=F4ff' i'r'r:f/' + W Eyy
smh= P p ” )
:iip..:;z::niup$z.
v v
H b v v = % _ —b
enccp_.. o X v; S~y z__q—l——va

‘T herefore p is lefs than, equal to, or greater than == h = 2, in the Ellipfis, Para-
bola, or Hyperbola.

67. Draw myu, making the £ pmp = £ pcM, and cutting PC in #.
PMXPm _\ CC -
Then ppu :( =)—= i o Jr=fexx
T AirtccFro '\/tc+¢¢xx
= P == i parameter to PC.

68. Let F® be an ordinate to the axis Ag. at the focus ¥. and #G 3 tangent
to the curve in ®, meeting Aa, BC, AN, an, in G, g, s, 5. Then

in’.—.\/—-x,ura:\/——x c"") --p
= parameter to Aa.

ff""rt te tT

—

tt
69' 6= f S \/tt—-u —-'/txl:}

. FG = (CG A CF = =ieff e _ pt
7o ¥e = For==F=%=%

1. Draw P parallel to A2; and ou perpendicular to Ae, meeting, Py, P,
in H, b; then '

b ¢ ¢
PH=DG=(CG mnc:)f mx.—_? % = 7 X PF,

72. TG
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4 SetxFec e

t ¢
72+ TO = (CT ¥ CG -":w}- ——Xfa;x_)t:;x '——-}_—'—' —J-;'Xfm%

PODXTG o1 ?

7 3 Gb_ —— — ’a X f.._..m—-i e
3 fxmx/thmx'—nxfmx*)
—— ¢ tX~——ce
x - --_—'
f_y fox =V zo—ce " Fa
T
94+ Ph -(m_) Ze=Zcz== x\/ 22 = Z vz
DT Sy gy—cc [y
75 Rb = (Ph—Pr = ) 2B 2 iCo—mm =)
c T zc
Zce . mee _ =3

Dy e ————— )
¢ N/zfv—-cc-[-zfu Jyc

s =2 . =1 L% %,
%6. F’J:('\/FR +R/J—')__._m ‘;; %i"

7. Let bz be any Ordinate to the axe ag, cutting the curve inx, and the focal
tangent ®G in ¢

) 2=FP=FE.

N . iz
Then po= (m:.c_lx._xiz
FG t Sooee

78, Therefore As= AF; as = aF; cg =cCA; byfim. A3

499. DF*= (Do*—DE*=Do+ DEXDe—DE) Po X 0E.

79. Let the tangents PN, p L, to the oppofite vertices p, p, cut the tangents AN,
an, to the oppofite vertices A,a, in N, 7, L, /i
Then 2 7 =pL; an = AL; PN = pl; ANal
For the Trapezia’s Pcan, pcAL, are fimilar and equal ;
And fo are the Trapezia’s PcAN, p Cak

Vor. LXIIL Aaa 81, PF
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82
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84.

86.

87.

88.

)
o

90.

glr.

92.
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PF x-mf:(—f xvz:)rfxmn::—‘:: XFP fo

CEQ = (xy=) coP =dcp =DM X dm.

cin
AN X aD :7:an X AD=AC XPD=Dal/=DAL,

RP7 = #n = TPg.

£1—2,
« RTyr = (-——'"" X 1t =L X% Xtt=) ATa.
mm x X

tnz v t nc
RT f :(—-— xL :Lx
7nC. mn m

— =) cTe =r TR,
m

f/'cc

NTn= (ffccx fwomm=)

mm nn

=pPTf
fe

PN XCB = ;;:x —==C =) AN X CQ.
(o =2c=) anxca

z
cAV= tx——J-'::-— X J=) CT X PD.
X

PRD :(c:zz___ JFR%..
cC
Hence ¥ is perpendicular to re.

M f = (fz f‘"'—)ffx zv—ffxcc —ff Q

AMa :(”mj_’j_%_m:) € x f—'[x 2v
ff

=cp*+ L xcq__.cs 4 EMf
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TN ¥ Ac* vN' c1* AT@ RTr Lot

FT % _FP__FR ’
94. __-.:—:—:._e. Sim. As TFR, TCe.

X
And 22— % _CD_.ac
DT ¢+x abP a&T

95 frv _Sfe_Jr AT _ac_cr
cT ¢ ac cg o ifx &b ar
PM __ cc :;’- c

96- —_— e :ZZ:.. And .E.’.”.. :i:i_.
Pm it ¢ P Sm f cF

97. f‘_h_d__jf‘_z_f_'.[_':i_-l--t'xr——-_cz (lt—-tp =)=t cF
ip ? cB

PMY cc cec

—
93. ..?-—-—-—:r—-—-,_——-— --—...—.....___-__22..=.__.,

%

98. Let pm, the perpendicular to the tangent PT, cut the axis A in M; and

JjP, produced, cut FR in .
Then will py bife& the angle Fpf.
For pF x Mf=Pfx MF.

99. And the angle FrT is equal to the angle fp2.
For 2 TPF + £FPM=2tPf+ £ frM.

100. Therefore T will bifect the angle ¥p9.
For Lopr= (£ fPt=) LFPT.

101. Confequently Pp=pF. And RP=RF.

102. A circumference of a circle defcribed from #, with the radius #~, will cut

the axis A4 in the focii ¥, £,
For TNXTn=TFXTf,

Aaaz

103 A
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103, A circumference of a circle defcribed from ¢, with the radius ca, will cut

the tangent PT in R, 7,

Whence the perpendiculars RF, 7/, to that tangent, will cut the axis Aa
in the focii F, f.

For TR xTr=TAaXTa

104. A circumference defcribed from B, with ac, in the Ellipfis, or from c,
with ap-in the Hyperbola, will cut the axis Ag, in the focii F, f

For, in the Ellipfis, rt=cc+ff, or ac = (E’+E¥‘:) BF »
And in the Hyperbola, ff=tt+cc, or CF o= (X’E‘+EE‘=) AB

105. Let cqQ: produced, cut PF, Pf, in 2, x; draw mz, mxy 2nd M2z; MX,
parallel to them, cutting pF, Pf in 2z, X,

‘Then px==cR=CcA==Pz=/

106, Hence 2px2= 2 Pzx; and Lmxz== 2L m2x:
For pm is perpendicuiar to zx.
Confequently, the angles pzm, pxm; PzM, PXM are equal..

107. And the triangles Pzm, Pxm, are fimilar and equal :
And fo are the-triangles pzM, PxM.
Confequently, the trapezias pzmx, PzZMx, are fimilar.

108. Let cr, cr, cut PF, Pf, in K, &

Then ck = (SL:(—i=)'%'Pf=Pé: kre

f

And ck = (9-?},35-—:) IPF==PK = KR.

M cc ¢ e Pt
09, Alfo px=pg= (va-rz.'-'-:—-x—-—xt: —---'-"(-—:: .
109 ® P T ) ) L )¢

110. The
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110, The Trapezias FGAR, PDFR, frtc, are fimilar, and confequently their
correfponding parts are proportional.

FG _ Gh _ hrR _ RF
Thatis, J Pb  DF _ FR  RP
Fr=Tr =T =7

For the triangles R¥b, RPF, and FbhG, FPD, are fimilar,

x11. The Trapezias c¢Pp,.zcMP are fimilar, and confequently their correfpond-
ing parts are proportional.

That is, S¢_gf _PP_>0C

.
iC CM PM P

r12. And cr, cr, are parallel to Pf, PF, and equal to ca.
For rTf = cTP = rTF.

113. Let ' =fine of the £¢Pf; or TPF; R= tabular radius..
Then S= i:) £ _VEY
= Sr ¢ ¢
Put £ =fine of the 2 Pcq, made by any diameter and its ordinate..

S —_—
T 217> 1t /: T3
Then —=1 +\/1 o s —=3irF+Virtw
cc L Vif R R PO

114, Let the parallels pFr1, c8r, pfw be drawn, cutting the curve in @, 8, =; and
ordinately applied to fome diameter (27), whofe parameter is 27, and femi-
conjugate ¢B = x, to which p= is.ordinately applied at 3.

F4af__pr+rll N (B _, B _xx__mr

Then cd—= (EEITT _F¥Tr _yig4ig=lpg— (-2 =) L =XX_T%,

2 2 )i+3 2 cr )AC ¢ ¢
-3 — —2 _PpFIl et v

(] & = (LACXPII=) 1 Xza+42'= (AC X—mk=) —2x'=— 2%\

115 €8 = (3 n=) it xztz= ( eyl .

tR—ce _ Z—9p

cc—1t%  p—2g

6 FFr_ z __ RD
“';ﬁ—z‘—}‘A

2 ——
117, pro= 225 =Ipxz+z = IpXPH.
gz—-P

27y L
_2R® =l xam

: T1.= Al =
18 Pl=z42 pry R P

—1,

B
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CB =tcmpr=ck 1t ff=%1F f Xi+ f= AFa=VAU={Cd =CEG
PM X C&=FR X fr=AN Xan __alxm_ ACXF&"'“X—’;
z ..—nd -—»
!’D
—-ttx_.—ttx ff_.ttx-—-..ttx._:ttx-—_ff
dm cQ? Apa
=SeXe -—‘“‘XCQ\ =AM@—FMf=FPf—RPr ffx.._f..
AC PN ¢~

.._T'r-l-cc—-tt::—-xzv-l-xx—tt— zv = V120" ffyy 220 ffyy.
XX

€ =cC=P X T=MPm=NPn=TP{=Frf=cPn=1p/
¢ 2 -1

tt T2 ¢
:pprL.:cnxTM:PDxtm::-xpm :—xrm __xf

_——-xrmf_ XMI :q:PMvi-FMf—BC +RPr

."'tt-l-cc-—TT—tt——!f-xx_. yy+ xx._MXP'r.

— . ce ————— 4
cF = ff :tt-—tt‘:tt-—tp:;xt—p:x— Xmm=P¢X Tt
o
tt EC TrTr  mm mm
=—XFMfT—X fit =— XFTf=— X NTn
cc f GC f cc f €C

The femi-parameter () to the greater axis (ag) is equal to
AFa_vau__cFG__tcd __PFID _Fuxce

FOSPL e e — O T

AC AC AC acC —-PII ac
_ Fg xfr ANXan AcxpM_AcxpM_Acxdc_Bc.XpM
AC AC Ppm  pc  dm cQ
:BCXCQ:E_Ef:g_Lw_v:itf:ff____cc-—yxt
Pm Aac ¢ sx ¢ xx
=cc+':"r tt=cc+:: "xtzzt’zzX’FRz::“t:vxfrz.

The femi-p'arameter (p) to any diameter (pp) is equal to

~coj‘__cc MPm_NT#__TRt pr_;pl__mxpr,

P = —_—

PC T  FC IR p¢'—pc— PC
CDXTM __PDX!m_PTXEN _ it PM cc Pwt
~ ®c  Bc PV e pc ttx
7 PM tt4cc~~TT
—e xf= LY f =TT r5ee Tas, X1V, XV.]
JF 5 T

XXXVII. 4n
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